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I.  Introduction

Throughout the paper, ¢ denotes the non constant analytic self map of the unit disk D in the complex
plane C,dD the boundary of . Associated with ¢ is the composition operator Cy defined by Cyf = fo¢ for
f € H(D), the class of all analytic functions on D. It is interesting to provide the function theoretic
characterization of ¢ when ¢ induce a bounded and compact composition operators on various spaces see
[31.[7].[10]. _
By Z, we denote the class of all f € H(D) n C(ID) such that

|1f1lz = sup|f (e'®*M) + f(e'®™™) — 2f (e')|h < (1)
where the supremum is taken over all e?® € 9D and h > 0.
From a Theorem of Zygmund see [2, Theorem 5.3] and the closed Graph theorem we see that f € Z if and only if

Slelulg(l = zI)If" (@] < oo.
It is easy to see that Z is a Banach space under the norm ||f]|, where
1z = 1f O]+ If' (0] + Slé]g(l = zI)If" (@1(2)
Z

We call Z the Zygmund space.
By Z,. we denote the little Zygmund space of D and is the closed subspace of Z consisting of functions f with
lim (1= |21 ()] = 0(3)
Let —1 < a < oo, the weighted Bergman Nevanlinna-space A% consists of all complex valued holomorphic
functions on D such that
1fllag = Jp log(1 + If (2)])dve(2) < o
where
dvg(2) = (a + 1D)(1 — |2|>)*dA(2),dA(z) = dxdym,z = x + iy
In fact, 11 ag fails to be a norm on A%, but (f,g) = ||If — 9llag defines a translation invariant metric on A%

and this turns A% into a complete metric space. Also by the subhormonicity of f

log(1 +1f(2)]) < callfllag (1 = 12|)**2Vf € AR(4)

For more detail, about weighted Bergman Nevanlinna space, we refer [3] and references therein.
Recently there are some papers that reveals about the boundedness and compactness of composition operators
from a particulars domain space of holomorphic functions to Zygmund and Bloch spaces. See, for example, [4],
[51, [6], [71. [8]. [9], [10] and reference therein. In this paper, we made an attempt to discuss the boundedness and
compactness of the operator W, ,D from weighted Bergman Nevanlinna spaces to Zygmund type spaces by
using test function technique.
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I1.  Boundedness and Compactness
In this section, we characterize the boundedness and compactness of operators W, ,D from weighted
Bergman Nevanlinna spaces to Zygmund type spaces.
Recall that a linear map T: A% — X (Banach space) is bounded if T(E) c X is bounded for every bounded
subset E of A%. We say that T is compact if T(E) c X is relatively compact for every bounded set E c AY.
The following criterion for compactness is a useful tool to us and it follows from a stanard arguments, for example
to those outlined in Proposition 3.11 of [1].

Lemma 1 Let @ € (—1,0). Then a linear operator T: A% — Z(Z,) is compact if and only if for any sequence
{fn} in A% with supp||fallag =M < o which converges to zero locally uniformaly on D we have

im|[|Tfllx = 0 in X.
n—-oo

Theorem 1 let « > -1,y € H(D) and ¢ be a holomorphic self-map of D. Then the following are equivalent:
(i) Wy,,D maps Ay boundedly into Z
(i) Wy,D maps Ay compactly into Z.
(iii) For all ¢ > 0,
lim (1—z]%). 19" @A - 1¢(@)|Hexplc(1 - |p(2)|*)**?] =

lp(2)|->1
Sim (1 2@ ('@ - $@) ) exple(d - [$@IH™?] =
Sim (1 (2.1 (2).9"(2) + 29" ()9 @)1~ 1212 exple(1 ~ [9(@)])**2] = 0

ilelg(l —1zI)Y" (2)] < oo, igg(l =121 1Y(2). (¢'(2))?| < o

sup(l — |21%)12¢"(2). 9" (2) + ¥’ (2). ¢" (2)| < o

Proof. It suffices to check two implications
(i) = (iii) and (iii) = (ii),
(i) = (iii): Suppose that (i) holds.
By taking f(z) = z in A% we get
ilelﬂg(l = |2I*)|(Wy, Df)" (2)] < oo
But
|(Wy,o D) (2)| = [{2¢(2). " (2) + Y(2). 9" (2)}. f" (¢ (2))

+(2). (@' (2)°. " ($(2)). +" (2). f ' ($(2)]
and f'(2) =1,f"(2) =0,f""(z) = 0.
Therefore we get
ilellg(l —zIHY"(2) <
Again, by taking f(z) = z%2 in A% we get
itellg(l = z1)12¢' (2). ¢'(2) + ¥(2). ¢" (@)} " ($(2) + ¥ (2). (¢' (@)% f " ($(2)] +
P"(2)-f'(@(2)] < oo
Since |¢(2z) < 1 and sup,ep(1 — |z|2)|P"(2)] < and f"(z) = 1.f"'(2) = 0.
Therefore we get
Sup(l = zI)12¢' (2)- ¢'(2) + Y(2). ¢'(2)] < o».
Finally, taklng f(z) = z3%6 in A% we get
g‘;,g(l = 1zI){2¢' (2).9'(2) + ¥(2). ¢" (@)} " ($(2) + (). (' (@)% f " ($(2))] +
Y"(2).f(9(2)]| <
Since f'(z) =z?2 and f""(2) =z f"'(z) =1 and |¢p(2)| < 1.
Therefore we get
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ig}g(l — 121229 (2). ¢'(2) + Y(2).¢"(2) + P" (2). ((2))*2| < o0
But
igg(l — 21 12¢' (2). ¢'(2) + Y(2).¢'(2)| <
and |(¢(2))?2| < 1.
Therefore we get
ilellg(l —1z)Y" (2| < o
Consider the function L
fi(@) = {(7(a@+2) +1).(1 - [pD) D)X D (1 — p(D2)* D — [12(a +2) +2]. (1 -
|p(DI2)2@+D (1 — p()2)3@+2)

+5((a+2) +1).(1 = [P @D (1 = $D)2)* )

x exp[6¢{12(1 = [p(D)[D“** (1 = p(D)2)***? — 13(1 — [p(D)[)* @D (1 ~ p(A)2)***?)}]
Also one can easily check that
f(@@) =2(a+2)(@DA - [¢D) ) * Pexplc(1 — [$p(D*)**?]
f(@(2) =0
f"(@@) =0
Since Wy, ,D: A}, — Z is bounded.
Therefore there exists a constant M5 > 0 such that
My > (1= [AH{2Y'(2).¢'(2) + ¥(2). 9" (D} " (D) + Y (2). (¢'(2))*. f " ($(2)) +
P"(2). f' (9]
Hence
O @=12B20@+ D@ @ @I = eI explc(1 — [p(AI)¥*2] < My
This implies that L
A= 1A @I = ¢ *)explc(L = [$(A1H)**?] < My (a + 2)|p(A]. (1 = [$(D]*)*+
Taking the limit |¢(1)| = 1 on both sides in the above inequality we get
|¢}ilr)ﬁg1(1 — AP @I - [P ?exp[c(1 — [p(DI>)**2] = 0
Again, consider the function L
91(2) = {(4(a +2) + 4). (1 = [p(D D (1 — p(A)2)***?)
Also, one can easily check that
9:(¢(2) =0
93(@(2) =0
91" (9(2)) = c(1 = [pD)[>)**5exp[c(1 — |$(A)*)**?]
Since Wy, ,D: A§, — Z is bounded.
Therefore there exists a constant M, > 0 such that
My > (1-123){29'(2)-¢'(2) + ¥(2)- 9" (2)}9" (¢(2)) + ¥(2).(¢'(2)*. 9" (¢(2)) +
Y"(2).9'(¢(2))]
Hence
A=) (@ (9" ()% C(L = [P explc( — [9(A1P)*F?] < My
This implies that
A= 12P)1Y(2). 9" (@)1 = ¢} expc(1 — [PAH)*?] < M,. (1 — |p(D)[*)**?
Taking the limit |¢(1)| = 1 on both sides in the above inequality we get
|¢gr)ﬁlﬁ1(1 — AP (@' @)1 — [pD)>) explc(1 — [$(DI*)**?] = 0
Finally, let A € D and ¢ > 0, consider the function
ha(2) = {3 + 2(a@ + 2))1 = [p)D“2(1 - p(D)2)***D) — (4(a +2) + 4.1 — [p(D)|H)**3(1 -
mz)Z(a+2)+1 L
+8(2(a +2) +1).(1 - [pDDH*(A - pD2)* @D
X {c2(4(a+2)? + 6(a+2)+2).(1— |pM)]H@D(1 - p(1)2)2@D — (8(a + 2)? + 8(a +
2)). (1 = [pD)HZ @D (1 - p(A)z|2@*+D*D) o
+(4(a +2)* + 2(a + 2))1 = [¢(D[H* (1 = p(D)2)***D*2}
Also, one can easily check that

hi(¢(2)) =0
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h (¢(2)) = c(1 = [pD)[H)** 2exp[c(1 — [$(D*)**?]
' ($(2) =0
Since Wy, ,D: Ay, — Z is bounded.
Therefore there exists a constant M5 > 0 such that
M; > (1— A2 (2)-¢'(2) + ¥(2). 9" (2)3h" ($(2)) + Y(2). (9" (2))%. "' (¢(2)) +
P"'(2).h' (9 ()|

Hence
(1= 121%). 129" (2).¢' (2) + ¥(2). " (2)|.C(1 = [p(D)[*)**2exp[c(1 — |p(A|*)**?] < Ms

Id)(/‘l)lz)‘? 1= 12%)12¢"(@).¥'(2) + ¥(2). 9" (@A — [ (DI*)?explc(1 — [p(A*)**?] < M3C. (1 —
Taking the limit |¢(1)| — 1 on both sides in the above inequality we get
o (1- 1A12)12¢"(2)].9'(2) + ¥(2)-¢" (@A - [¢(DI? =0
(iii) = (i) Assume that the conditions in (iii) is valid for all ¢ > 0
Note that if f € A%, then by (1.1) and Cauchy integral formula for derivatives, we have
(1= z)If' (@) < 2m [ 1f (z + 12(1 — |z])E)]. |dE]
< expleallfilag (1 — 1212)%*?]
Choose for M > 0 any sequence {f,} in A% such that
Ifallag =M and f, -0
locally uniformly on D.
Then for each € (0,1) we have sup, < (1 — |2|*)|Wy,,Dfi)" (2)|

= sup(1 — |z|)|{2¢'(2).¢' (2) + ¥(2). (¢" (2))}

|z|sr
2 (0(2) + ¥(2)). (9" (22 1" (9(2) + "' (2)). £ (P(2))]
< A.sup|fp' (@(2))| + B.sup|f"" (¢(2))| + C. sup|f (¢(2))]

|z|sr |z|sr |z|sr
where

A=2"(2).(¢'(2) +¥(2)9" (2)
B =y(2)¢'(2))*
¢ ="

On the other hand, whenever r — 1 we have sup,s-|Wy,,Df2)" (2)]

= lSZl|1>r;(1 —12I)1{29"(2). 9" (2) + ¥(2). (" (2))}

+(2). (9'(2)% f" (@(2)) + ¥ (2)). [ (@ ()]
< |5;1|1>pr(1 —12%129'(2). ¢'(2) + (2. (9" (DI If" (P (2))]

+.Sup (). (' @)L A (@)
+sup Y @1 (G @)
= sup (1—[z%).12¢'(2).¢'(2) + $(2)$" ()|(1 = |$(2)|))?explca(1 - |$(2)[))**?]

19 (@]~
+|¢§ZI;I|1T(1 = 121). 1@ (). (¢'(2))?1-48(1 — |$(2) )’ explca (1 — [p(2) )]
+|¢S(;1)1|0>T(1 —12). " (DI — |z|*)explca (1 — |$(2)|)**?]

-0 as r-1
Combining the above estimates we see that ||W,, ,D||; — 0 as n — co. This complete the proof.
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